This paper studies the Yang-Lee edge singularity of 2-dimensional (2D) Ising model based on a quantum spin chain and transfer matrix measurements on the cylinder. Based on finite-size scaling, the low-lying excitation spectrum is found at the Yang-Lee edge singularity. Based on transfer matrix techniques, the single structure constant is evaluated at the Yang-Lee edge singularity. The results of both types of measurements are found to be fully consistent with the predictions for the (A4, A1) minimal conformal field theory, which was previously identified with this critical point.
1. Introduction
In 1978, Fisher [1] proposed that Yang-Lee edge singularities [2, 3] are critical points. Later, Cardy [4] argued that the Yang-Lee edge singularity of the 2D Ising model should be identified with the (A 4 , A 1 ) minimal conformal field theory (CFT) [5, 6] of the ADE classification [7] . Cardy's identification provides CFT predictions for this Yang-Lee edge singularity.
This article tests different predictions coming from Cardy's identification. In section 2, we provide measurements of the low-lying excitation spectrum at Yang-Lee edge singularity of the 2D Ising model. The measured low-lying excitation spectrum is also compared with predictions from Cardy's identification of the (A 4 , A 1 ) minimal CFT with this Yang-Lee edge singularity of the 2D Ising model [4, 8, 9 ].
Cardy's identification also determines the forms of 2-point and 3-point correlations. In particular, these correlations define universal amplitudes, which are known as structure constants [5, 10] . Such predictions are an important advance that CFT brought to the understanding of critical points of 2D statistical models. No tests of such predictions have been performed for critical points associated with non-unitary CFTs.
In section 3, we provide a measurement of the universal amplitude associated with the Yang-Lee edge singularity of the 2D Ising model. The measured amplitude is also compared with the prediction from Cardy's identification of the (A 4 , A 1 ) minimal CFT with this Yang-Lee edge singularity.
2. Excitation Spectrum at the Yang-Lee Edge
Singularity of the 2D Ising model
The 2D Ising model in an imaginary external magnetic field is associated with a quantum spin chain whose Hamiltonian, H Ising , on an N -site chain, is given by [15] :
In Eq. (1), σ x (n) and σ z (n) are Pauli spin matrices at the site n, parameter "t" is a positive coupling for a ferromagnetic spin-spin interaction, and iB is a purely imaginary external magnetic field. In Eq. (1), the last term produces inter-row single spin flips in the associated 2D transfer matrix [16, 17] . Below, the phenomenological renormalization group (PRG) is used to determine critical values of imaginary magnetic field, iB Y L (N ), for various lengths, N , of the chain. For imaginary magnetic fields, the PRG equation requires that: [11, 8] [
In Eq. In particular, CFT predicts how these energies will scale with the length, N , of the chain. For an excited energy eigenstate "i" of the quantum spin chain, an excitation energy, E i (N ) − E 0 (N ), will scale as: [14] 
In Eq. (3), ∆ i and∆ i are left and right conformal dimensions of conformal field "i", and ∆ and∆ are conformal dimensions of the primary field having the lowest "negative" scaling dimension in the relevant non-unitary CFT. In Eq. (3), the constant ζ is non-universal, e.g., depending on the normalization of the Hamiltonian 1 . In minimal CFTs, the modular invariant forms of the partition functions [7, 12] determine the low-lying excitation spectrum and the central charges. For the (A 4 , A 1 ) minimal CFT, Table 1 gives the energies of the low-lying excitations and degeneracies thereof as obtained from the associated partition function. Table 1 the normalized excitation energy is the ratio is the excitation energy of the state "i" over the excitation energy of the lowest excited state "1". Here, excitation energies are with respect to the ground state. The normalized excitation energies of Table 1 do not depend on non-universal constants such as ζ.
The critical magnetic fields, B Y L (N ), were obtained by solving the PRG eq. (2) for chains of different lengths. For these solutions, state energies were obtained by using the Lanczos algorithm for H Ising of eq. (1). Table 2 shows critical fields, i.e., B Y L (N )'s, ground state energies, and lowest excitation energies, i.e., Gap(N )'s. These measurements were obtained for Ising quantum spin chains in which the coupling, t, is 0.1. Table 2 shows that N xGap(N ) scales to a constant as N → ∞ as expected from the PRG.
The critical magnetic field values, i.e., the B Y L 's, were used to find the lowlying excitation spectra of Ising quantum spin chains of various lengths. Table  3 provides measured spectra including both energies and degeneracies. Here, excitation energies are also normalized by dividing by the lowest excitation energy, i.e., as already described to remove any dependence on the non-universal constant ζ. (8), and 7.60(7), respectively, in this limit. These PRG measurements of the low-lying excitation energies and degeneracies agree well with the predictions for the (A 4 , A 1 ) CFT as in Table 1 . 
3. Structure Constant at the Yang-Lee Edge Singularity
The non-unitary (A 4 , A 1 ) minimal CFT has one primary field φ(z,z) with left and right conformal weights -1/5 and scaling dimension x of -2/5 [4] . For this field, φ(z,z), 2-point and 3-point correlations have the forms:
and
Cardy showed that the structure constant, C, of the non-unitary (A 4 , A 1 ) minimal CFT is given by:
Below, numerical measurements at the Yang-Lee edge singularity are presented for this CFT prediction. The numerical measurements were made for the 2D Ising model, i.e., rather than for a spin chain. The 2D Ising model has a Hamiltonian H, given by:
The spin-spin coupling J is positive. In this model, the Yang-Lee edge singularity occurs above the critical temperature for a purely imaginary values of the magnetic field, h, i.e., h = iB with B real [2, 3] . Below, the spin correlations were measured at a temperature, T , for which J/k B T = 0.1 The transfer matrix was used to measure correlation 2-spin and 3-spin correlations on torii of length, M , and diameters, N . In these evaluations, M was much larger than N , i.e., M = 512 and N = 3 -8, so that correlations had distance behaviors for infinitely long cylinders at field separations small compared to M .
Finite-size scaling enabled the extraction of physical properties in the thermodynamic limit [13] . In particular, the spin correlations were measured at purely imaginary magnetic field values, 
In the PRG equation, ξ(iB, N ) is the spin-spin correlation length on the infinite cylinder of diameter N at the magnetic field iB 2 . On a cylinder of width N , CFT predicts that correlations depend exponentially on distances between fields when said distances are large compared the cylinder's diameter, N [14] . When |y 1 − y 2 | >> N , the 2-point correlation of fields of scaling dimension, x, has the form exp(−2πx(y 1 − y 2 )/N ) where y 1 and y 2 are the positions of the fields along the axis of the infinite cylinder. For the 3-point correlation, the exponential behavior on the distances between the fields of the correlation is also determined by the scaling dimensions of the fields therein At the Yang-Lee edge singularity, amplitudes of 2-spin and 3-spin correlations, i.e., A ss and A sss , were used to evaluate the 3-spin structure constant. The values of the 3-spin structure constant, C(N ), were obtained from the relation:
In the above equation, A ss (iB Y L (N )) and A sss (iB Y L (N )), are amplitudes of the respective 2-spin and 3-spin correlations at PRG values for the magnetic field.
PRG measurements of the correlation length ξ(N ) also provide a measurement of the conformal dimension, x, of the spin field, i.e.,
Scaling behaviors of these quantities with the cylinder's width, N , were used to obtain the values of the quantities as N → ∞. Table 4 provides our transfer matrix measurements 3 for M = 512 and Table 4 : PRG Measured values of conformal dimension and structure constant.
In Table 4 , the ∞ line extrapolates the measured values to the thermodynamic limit, i.e., N = ∞. The extrapolated values were obtained from fits of the measured x(N )'s and |C(N )|'s to functions of form f (N ) = f (∞) + f 1 N −α , i.e., leading finite-size scaling forms.
In Table 4 , the last line gives the predictions for x and |C| from the (A 4 , A 1 ) non-unitary minimal CFT model. Figure 5 shows measurements of the structure constant |C(N )| and a best fit (line), which accounts for a correction in N −1.2 . In Figure 5 , the black squares are the measured C(N )'s, the empty square is the value of C(∞) from the best fit, and the black circle is the CFT prediction. Our finite-size scaling measurements produce a value for the structure constant that again agrees well with the prediction of the (A 4 , A 1 ) minimal CFT. 
